THE GENERAL CALORON CORRESPONDENCE 
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Abstract. We outline in detail the general caloron correspondence for the 
group of automorphisms of an arbitrary principal G-bundle Q over a manifold 
X, including the case of the gauge group of Q. These results are used to 
define characteristic classes of gauge group bundles. Explicit but complicated 
differential form representatives are computed in terms of a connection and 
Higgs field. 
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1. Introduction 

The caloron correspondence arose originally [9] as a correspondence between 
calorons (instantons on M"^ x S*^) with structure group G and Bogomolny monopoles 
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on M'^ with structure group the loop group of G. Later it was realised that the self- 
duality and Bogomolny equations can be disregarded and interesting results can be 
obtained by regarding the caloron correspondence as a correspondence between G- 
bundles with connection on M x S"^, for some manifold M and loop group bundles 
with connection and Higgs field on M. In particular in 12j . the caloron corre- 
spondence was used to calculate the string class of an LG-bundle, and generalised 
in [inilTl], where it was used to define characteristic classes for fiG-bundles and 
LG XI S^-bundles. See also |31 O [TS] for related applications of the caloron corre- 
spondence. 

In the current work we generalise these constructions by replacing the circle 
by an arbitary compact, connected manifold X . In summary, if 1" — > M is a 
fibration with fibre X and P — > F is a G-bundle, which over a fibre of F — >■ M is 
isomorphic to some G-bundle Q — )> X, we show that P — > F is equivalent to an 
infinite-dimensional principal bundle P ^ M whose structure group is the group 
Aut(Q) of automorphisms of the G-bundle Q — > X or a subgroup thereof. Which 
subgroup occurs depends on whether the fibration 1" M is a product and whether 
the bundles are framed. The resulting four possible cases are detailed in Section [2] 
without proof. 

In Section[3]we give the detailed proofs of the correspondence in the most general 
cases, leaving some of the specialisations for the reader. In the following section 
we show how the correspondence works when P has a connection and P a connec- 
tion and Higgs field. The main results of the paper are in these two sections and 
summarised in Theorems 14.81 and 14.91 for the case of a general fibration and Theo- 
rems 14.101 and 14.111 for the case when the fibration is a product. In Section [5] we 
use these constructions to define characteristic classes of gauge group bundles and 
define differential form representatives for them in terms of connections and Higgs 
fields. Finally in Section [6] we consider the group of based gauge transformations 
and provide explicit formulas for its universal characteristic classes. 

2. Description of the caloron correspondences 

There are four basic caloron correspondences. To introduce notation we will 
discuss here what they are correspondences between and leave the definition of the 
actual correspondences until later. 

Let us fix Q X a (principal) G-bimdle. Define Aut((5) to be all bundle 
automorphisms of Q. A bundle automorphism defines a diffeomorphism of X and 
thus there is a homomorphism Aut((5) — > Diff(X) whose kernel we denote by Q and 
whose image we denote by Diff'^(X). We therefore have a short exact sequence 

(2.1) l^g ^ Aut(Q) ^ Diff^(A:) ^ 1. 

Note that, unlike the case where X = S^, we may not have Diff'^(X) equal to 
Diff(X). To understand how this can happen note that a diffeomorphism ^ G 
Diff(A') is in the image of the map Aut(Q) -> Diff(X) if and only if i{j*{Q) ~ Q. 
For example, if Q ^ S"^ is the standard Hopf bundle of Chern class 1 and V' is the 
antipodal map then tp*{Q) has Chern class —1, so it cannot be isomorphic to Q. It 
is a standard fact that if ip and x are homotopic then 'ip*{Q) ~ X*(Q)i which shows 
that the connected component of the identity Diff(X)o is a subgroup of Diff'^(X). 

Notice that if i? ^ M is an Aut(Q)-bundle it induces an associated bundle with 
fibre X defined by R XAut(Q) X, where Aut{Q) acts on X via the homomorphism 
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to Diff'5(X) above, li Y ^ M is a locally trivial fibre bundle with fibre X and 
structure group DiS'^ {X) denote by F{Y) M its Difr'^(X) frame bundle. If 
m ^ M and / G Fra{Y) then, by definition, f : X Y is a. diffeomorphism onto 
the fibre Ym which we call a frame at m. Notice that not all diffeomorphisms 
X ~ Yrn are frames unless Diff'^(X) = Difr(X). 

Definition 2.1. Let F — > Af be a locally trivial fibre bundle with fibre X and 
structure group Diff'^(X) and P — F be a principal G-bundle. We say that P has 
type Q X if for all m e M and for all / G F{Y) we have f*{P) ~ Q. 

Remark 2.1. Notice that if /, / £ i^(F)™, then / = / o x for x e DiS'^{X) so 
that f*{Q) ~ f*{Q)- Moreover if A/ is connected and m' £ M, we can join m 
and m' by a path which can be lifted to F{Y) as a path joining / G and 
some /' G so that /*(Q) ~ (/')*(<9)- Hence for a connected manifold M 

it suffices to check the type condition at a single point m ^ M for a single framing 

of y„. 

We have the following correspondences: 

1. The unframed caloron correspondence for Gbrations. 
There is a bijection between isomorphism classes as follows. 

• G-bundles P F of type Q -)• X and; 

• Aut((5)-bundles P ^ M with an isomorphism of spaces over M from 
P XAut(Q) X^MtoY ^ M. 

2. The unframed caloron correspondence for products. 

If the fibration is a product Y — M x X then this becomes a bijection between 
isomorphism classes as follows. 

• G-bundles P M x X oi type Q ^ X and; 

• ^-bundles P ^ M. 

We will call these two correspondences the unframed case to distinguish them 
from the next two cases. First we make a general definition. 

Definition 2.2. We say a fibre bundle W Z is framed (over a submanifold 
Zq C Z) if we have chosen a section s: Zq ^ W. We call s a framing (over Zq). 

We need a number of cases of this definition. Firstly for the G-bundle Q X 
we can pick xq G X and qo G Qxo- This amounts to a framing of Q over {a;o}- We 
often call xq and qo basepoints for X and Q. Secondly for the fibration Y M 
a framing over M is simply called a framing. Thirdly if s : A/ — )■ F is a framing, 
we will be interested in G-bundles framed over s{M) C F. Again we will call these 
just framed. 

In each case there is a natural notion of morphism that preserves the framing. 
Consider then x G X and q G Qx- By restriction the short exact sequence (12. ip to 
framed isomorphisms we have a short exact sequence 

(2.2) l^e;o^Auto(g)^Diff|3(X)^l 

Note that, because F — Af is not a principal bundle, a global section does 
not necessarily make it trivial. However, in the case that it is trivial we take the 
framing oi MxX ^ M to be m i— > (m, x) where x is the basepoint for X. Again we 
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have a notion of the framed type of a framed bundle by restricting aU morphisms in 
Definition 12. II to be framed. Notice that if i? — > M is an Auto((5)-bundle it induces 
an associated framed bundle with fibre X defined by R ^AutoiQ) where as above 
Auto((3) acts on X via the homomorphism to DifF^(X). 

With these definitions we have the following correspondences. 

3. The framed caloron correspondence for fibrations. 

There is a bijection between isomorphism classes as follows. 

• Framed G-bundles P — > y over a framed fibration Y M of framed type 
Q ^ X and; 

• Auto((5)-bundles P M with a framed isomorphism of framed spaces over 
M from P XAuto(Q) X M to Y ^ M. 

4. The framed caloron correspondence for products. 

If the fibration is a product Y = AI x X then this becomes a bijection between 
isomorphism classes as follows. 

• Framed G-bundles P ^ M x X of type Q ^ X and; 

• t^o-bundles P ^ M. 

3. Construction of the caloron correspondences 

We note first from [7] that the groups in equation (12. ip are Frechet Lie groups 
with Aut(Q) a Frechet Lie subgroup of Diff(Q) and BiS^{X) an open subgroup of 
DifF(X). We will assume throughout that all infinite-dimensional spaces are Frechet 
manifolds. For details see for example [TO] . 

To establish the caloron correspondence we need the following useful fact. 

3.1. Principal bundles and extensions. Let 

be an extension of Frechet Lie groups, that is a short exact sequence of groups 
such that a is an immersion and /3 a submersion in the Frechet sense. In particular 
/? admits local sections and thus H ^ K is a locally trivial L-bundle. Indeed if 
s: J7 — > iJ is a local section of H ^ K ioi U C K, then we can define U x L ^ H 
by {k,l) ^ s{k)l with the inverse h ^ {f3{h),s{P{h))~'^h). 

We are interested in the relationships between the principal bundles in the fol- 
lowing diagrams 

S T 

L \ L 



(3.1) H 



S/L R 



^ K / K 

M M 

If S — )■ M is an ff-bundle, then L acts on S on the right and the set of orbits 
SjL is a principal HjL = if-bundle over M. Moreover S S/L is a principal 
I/-bundle. Notice that H acts on S/L on the right and the action on S covers this. 

As L is normal in H the adjoint action of H on itself fixes L. Given a principal 
i-bundle T R with H acting on R, we say that T is an H-equivariant bundle if 
the L-action on T can be extended to an i?-action on T which moreover covers the 



THE GENERAL CALORON CORRESPONDENCE 



5 



il-action on R. In the case above we clearly have that S ^ S/Lisa,n i?-equivariant 
bundle. We have 

Proposition 3.1. Fix a principal K-bundle R — > M. We have a bijective corre- 
spondence between isomorphism classes of the following objects: 

(1) Principal H-bundles S ^ M with S/L — > M isomorphic to R ^ M as 
K -bundles; and 

(2) Principal L-bundles T ^ R which a,re H-equivariant for the H-action on 
R induced by the K -action on R using the homomorphism [3. 

Proof. The correspondence is as described above except that we need to check local 
triviality. In the forward direction if 5 — > M is locally trivial we can cover M by 
open sets U so that Sjj — U x H and thus {S/L)u ^ U x H/L so that Su Ru 
is isomorphic as a principal L- bundle to U x H ^ U x H/L. As the extension 
H — )• H/L is a locally trivial i-bundle the result follows. 

In the backwards direction let m M and wc want to show that there is an 
open set U containing m such that Tj/ U is a, locally trivial if-bundle, namely 
Tu c^U X H. First choose U so that i? M is trivial, that is Ru '^U x K. As a 
consequence we have a section U ^ R and the puUback of T ^ R by that section 
is locally trivial and thus admits a section in some open neighbourhood of m. So 
without loss of generality we can assume that open neighbourhood is U and we 
have a section a: U x {1} ^ T of T restricted to J7 x {1}. We define 

ip-. U X H ^Tu 

(x, h) H- > (j{x)h. 

This is a smooth bijection of right H spaces. It suffices to show that its inverse 
is also smooth. We do this by covering Tu with open sets on which the inverse is 
manifestly smooth. Let po G Pu with 7r(po) = (tiojAjo) x K. Choose an open 
neighbourhood V of Uq in K with a local section s: V ^ H oi j3. Because T ^ R 
is a locally trivial i-bundle, the map t-.TxrT — > L defined by t\T{t\,t2) = 
t2 is smooth. The restriction tp~''^ to V is the smooth map V ^ U x i3^^(V) 
given by p I— >■ (7r(7(p), s(7ri4-(p))r(cr(7r/f(p))s(7rx(p)),p), where ttu and ttk are the 
natural projections onto U and K respectively. We have established the desired 
local triviality. 

□ 

3.2. The unframed caloron correspondence for fibrations. We wish to define 
the correspondences which establish the bijection between isomorphism classes of 
the following objects. 

• G-bundles P of type Q ^ X and; 

• Aut((3)-bundles P M with an isomorphism of spaces over M from 
P XAut(Q) X^MtoY^M. 

We start with P — > y a G-bundle of type Q X. If Z is a space on which 
G acts on the right (possibly trivially) denote by EqQ{Q,Z) the space of all G- 
equivariant maps. If G acts trivially on Z then Eq((5, Z) — Map(X, Z). Thinking 
of Eq((5, ) as a functor apply it to P Y. Denote by Map^(X, Y) c Map(X, Y) 
the image of Eq((5,P) under the map Eq{Q,P) — > Map(X, F). We claim that 
Eq(Q,P) Map'5(X,r) is a ^^-bundle, noting that Eq(Q,G) = Q. To establish 
local triviality, pick m € M and choose a contractible open neighbourhood U 
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which can be contracted to to. Because U is contractible it follows that Yu ~ 
TT^^{U) ^ U X X. Moreover we have that the restriction of P to ~ {to} x X is 
isomorphic to Q and so by contractibility of U it follows that Pjj, the restriction of 
P to Yu, is diffeomorphic toll xQ. Then Eq(Q,Pc/) ~ Map(X,f7) x Aut(Q) and 
Map^ {X,Yu) ~ Ma.p{X,U) x Diff'5(X) and the projection is the product of the 
identity on Map(X, U) with the projection on Aut((5) — s> Diff'^(X). Local triviality 
then follows from the fact that Aut(Q) DifF'^(Ar) is a principal CJ-bundle [7]. 

Define ry: F{Y) — J> Map(X, F) by recalling that elements of Fm{Y) are maps 
X ^ Ym CY. Then r]*{Eq{Q,P)) -> F{Y) is a ^-bundle and F{Y) ^ Af is a 
Diff'^(X)-bundle. It follows that there is a projection r]*(Eq{Q,P)) M which 
we describe as follows. An element of r]*(Eq{Q, P)) is a G-bundle map f : Q ^ P 
covering some frame f: X ^ Y. In fact if Pm denotes the restriction of P to Ym, 
then the fibre of 77*(Eq((5, P)) above m £ M consists of all G-bundle isomorphisms 
from Q ^ X to P Ym which cover a frame X Ym- That is 

(77*(Eq(Q,P)))™=Eq(g,F„). 

We can apply Proposition 13.11 to the case of the exact sequence (|2.1I) if we can 
show that the Cy-action on P extends to an Aut((5)-action. If p e Aut(Q) is a lift 
to p G Diff'3(X), then we can make p act on / by pre-composition and this extends 
the C/-action. We denote 

C(P) = r;*(Eq(Q,F)) 

thought of as an Aut((5)-bundle. 

To see that this is a locally trivial Aut(Q)-bundle, let us choose again U C 
M contractible so that Yjj — U x X and P restricted to Yu is diffeomorphic to 
U X Q. If we consider now the construction just defined, we will see that there is a 
natural isomorphism from C{P) restricted to U to U x Aut((5) which gives a local 
trivialisation. 

To complete the correspondence as described in the previous Section, we need 
to describe the isomorphism 

C{P) XAut(Q) X^Y 

of fibre bundles over M . An element of the first space over m £ M has the form 
[(/, /), x] where /: A" — > Y,n is a frame. We map this to f{x) G Ym- The action of 
(/5,p) is given by ((/ o p, / o p),p-^{x)) which maps to f{p{p~^{x))) = f{x). 

Consider now the reverse direction. We start with an Aut((5)-bundle P ^ M 
with an isomorphism of spaces over M from f'xAut(Q) A M toY ^ M . Consider 
the map 

P XAut(Q) Q ^ P XAut(Q) A. 

Because Aut(Q) acts by bundle automorphisms we have a natural action of G on 
P 

XAut(Q) Q by [PtQIs — [PiQg]- It is straightforward to check that this makes 

C-l(P) = P XAut(Q) Q^P XAut(Q) X = Y 

a G-bundle. 

In this case we can assume that locally we have P M of the form U x Aut(Q) — !> 
U so that the bundle 



C-\P) = P XAut(Q) Q^P XAut(Q) A 
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locally looks like 

U X Aut(Q) XAut(Q) Q ->-U X Aut(Q) XAut(Q) X 

or 

U X Q ^ U X X. 

We can now use the local triviality of Q — > X as a G-bundle to establish that 
C"^(P) y is locally trivial. 

The correspondences C and are best understood as in [13 as functors between 
the obvious categories of objects and morphisms although we will not pursue that 
perspective in the present discussion. They are not inverses in the set-theoretic 
sense but only in the categorical sense. That is C^^ °C{P) ~ P and CoC^^[P) ~ P. 
We construct these isomorphisms next. 

We start with P — >■ y a G-bundle of type Q ^ X and recall that 

C(P)„, = Eq(g, F„0 

applying C^^ we have 

o C{P) = Eq(g, F,„) XAut(Q) Q- 

There is a natural map from this space to Pm given by [ip, q] ^ V'('z) which defines 
a smooth isomorphism of G-bundles. 

In the other direction let P M be an Aut((5)-bundle. Then 

C-\P) = P XAut(Q) Q 

SO that 

Aut(Q) Q)- 

There is a natural map 

P,n Eq(g,F„ XAut(Q) Q) 

defined by p i— S- (q i— >■ [p, ?]) which extends to an isomorphism of Aut(Q)-bundles. 
From the categorical viewpoint both these isomorphisms are natural transforma- 
tions. 

3.3. The unframed caloron correspondence for products. In the case that 
the fibration is a product Y ^ M x X the caloron correspondence becomes a 
bijection between isomorphism classes as follows. 

• G-bundles P ^ M x X of type Q X and; 

• ^-bundles P ^ M. 

This can be deduced from the general case as follows. Firstly as, Q C Aut((5), 
we can apply the construction as before to P to obtain P = C^^(P). But in this 
case we have 

C-\P) = (P X Q)/g -^{Px X)/g = MxX 

as Q acts trivially on X. 

Secondly, in the other direction, consider the fibre of C{P)„i which is 

Eq(g,P„). 

Because Y" = X x M we can pick out in here the subset of isomorphisms Q — >■ Pm 
which cover the obvious inclusion X ^ X x M, x ^ {x, m). This is naturally acted 
on by Q and the result is a reduction of the Aut(Q)-bundle to Q which we denote 
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by C(P). Alternatively note that with the previous construction we obtained a 
^-bundle 

r?*(Eq(Q,P)) F{Y) = X x DifF'5(X) 

because Y = X x M. Then we can pull back this ^/-bundle with the obvious 
section of X x mS'^{X). Finally using the map r]: M ^ Eq{X, M x X) given by 
m (a; {m,x)), we get C{P) = fj*{Eq{Q,P)). 

3.4. The framed caloron correspondence for flbrations. We sketch briefly 
the correspondences in the framed case. We want to show that there is a bijection 
between isomorphism classes as follows. 

• Framed G-bundles P ^ Y over a framed fibration Y ^ M of framed type 
Q ^ X and; 

• Auto((5)-bundlcs P ^ M with a framed isomorphism of framed spaces over 
M from P XAuto(Q) X ^ M toY ^ M. 

It suffices to show how to define the framings on the transformed objects. Con- 
sider C{P) whose fibre at m e M is 

C(P)„=Eq(Q,P„). 

But now both sides have basepoints so we can restrict to those isomorphisms pre- 
serving the basepoints and call this 

Eqo((9,Pm) CEq(Q 

which defines a reduction to Auto(Q). Consider the isomorphism P x^utoCQ) ^ ~^ 
M to y — > M which we have defined above to be 

[('0,V'),a:] ^ ip{x). 

The framing of the first space is given by the basepoint [(■)/', i'),^^] and ip preserves 
basepoints so that [{%p,'il}),xo\ maps to ipixo) which must be the basepoint. 
In the other direction the construction of C~^(P) is 

C-\P) = P XAuto(Q) Q^P XAuto(Q) XC^Y 

and both P XAuto(Q) Q ^-iid P XAuto(Q) ^ have natural framings coming from the 
basepoints of Q and P and the fact that these are preserved by Auto((5). 

We leave it as an exercise to show that the isomorphisms C o C~^(P) ~ P and 
o C(P) ~ P preserve the framings just defined. 

3.5. The framed caloron correspondence for products. If the fibration is a 
product Y = M X X then this becomes becomes a bijection between isomorphism 
classes as follows. 

• Framed G-bundles P M x X of type Q ^ X and; 

• 00-bundles P ^ M. 

We leave this case also as an exercise for the reader. 

4. The caloron correspondence with connections and Higgs fields 

In this section we will extend the various caloron correspondences from the pre- 
vious sections to include the data of connections on the bundles involved. 
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4.1. Introduction. Before considering how to extend the caloron correspondence 
to a correspondence for bundles with connections, we need to recall some facts about 
principal bundles and to introduce some notation. If tt: P — > A/ is a principal L- 
bundle we denote the right action of / e L on P by i?; : P — > P and the induced 
action on forms and tangent vectors and (P;)* respectively. If A G [ = T^L the 
Lie algebra of P, then A defines a so-called fundamental vector field at any p ^ P 
which we denote by 6p(A). Writing to{t 7(i)) for the tangent to the map 7 at 
t — 0, we have 

tp(A) = to(i pexp(U)) e TpP. 

U I e L then (Pi)*(tp(A)) = to{t ^ pexp(U)/) = to{t ^ pl{l^^) exp{tX)l) = 
tp;(ad(/^^)(A)). A connection one-form uj on P is an [-valued one-form on P satis- 
fying Wp(tp(A)) — A and P;*(ti') = ad{l^^)uj. 

If P is a subgroup of H which also acts freely on the right of P, extending 
the action of L, the connection u is called P-invariant if it is fixed by H. A 
straightforward calculation shows the following Lemma. 

Lemma 4.1. The connection uj is H -invariant if and only if 

Consider a fibration tt: Y — > M with fibre X and F{Y) its associated frame 
bundle which is a principal Diff''(X)-bundle. We denote by T^Y the vertical 
tangent vectors or the tangents to the fibres of tt at y G y. A connection a on 
y is a complementary subspace to Ty at every y or, equivalently a projection 
Va ■ TyY — >■ TyY. A choice of connection onY AI defines a connection on F{Y) 
as follows. The tangent space to / G F{Y) is the subspace of T{X, f*{TY)) of 
vectors whose projection to T^^^f^M is constant. The Lie algebra of Diff'^(X) is 
T{X,TX). If ^ G T{XJ*{TY)) is a tangent vector then Va{£,{x)) is a vertical 
vector at f{x). We have /: X — > Y^^^fi^^)) a diffeomorphism so we can define 
af{0&T{X,TX) by 

«/(e)(^) = (r')*K(e(x))). 

Equivalently ^ is horizontal if and only if ^(x) is horizontal for all a; G X. 

4.2. Principal bundles with connection and extensions. First we need to 
reconsider the discussion from Section 13.11 taking into account connections on the 
bundles in question. 

We have the same structure as before. An exact sequence of groups 

1 ^ p A p A p: ^ 1 

and a commutative diagram 



S 




M 



If we fix a point s G S^m the fibre of S above m G Af , there is an P-equivariant 
isomorphism 
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H Sm h I sh 

(4.2) j i 1 

K-^R k I ^ TT{s)f3{h) 

determined by the choice of s. Here tt is the projection S* ^ i?. The L-bundle 
H K has two ff-actions given by left and right muhiphcation. We are interested 
in the right action which does not commute with the L-action but extends it. An 
7f-invariant connection for this action is determined by its value at the identity in 
H which is a splitting of the exact sequence of Lie algebras 

(4.3) -> [ A f) A « ^ 0. 

Let Split(f), V) denote the affine space of all right splittings of (|4.3p . We define a left 
action of 7? on ct G Split(f),t) by ha = ad(/i)CT ad(/3(ft,)^^). To extend Proposition 
13.11 we first need the following Definition. 

Definition 4.2. If 5 — M is an _ff-bundle, a Higgs field is a section $ of the 
associated bundle S Xh Split(f),J) or equivalently a function S ^ Split((),t) 
satisfying 

$(s/i) = ad(/i"^)$(s) &A{P{h)). 

Recall that a right splitting of the exact sequence (|4.3p gives rise to a left splitting 
and vice-versa. Occasionally we will need to distinguish between these and we will 
use the notation and for right and left splittings respectively. They are 
related by 

(4.4) $'■/? + = idi, . 

For the moment it is most natural to use right splittings for the value of the Higgs 
field but we warn the reader that from Proposition l4.6l onwards we will be assuming 
the Higgs field is a left splitting. We will also adopt the convention that a is an 
inclusion and hence not explicitly referred to. 

Proposition 4.3. Fix a principal K -bundle R — >■ M with connection . We have 
a bijective correspondence between isomorphism classes of the following objects: 

(1) Principal H -bundles S — >• M , with S/L — > M isomorphic to R M as K- 
bundles with connection uj^ , which projects to uj^ under the isomorphism, 
and Higgs field $; and 

(2) Principal L-bundles T ^ R which are H-equivariant for the H -action on R 
induced by the K-action on R using the homomorphism j3, with connection 
U!^ which is H -invariant. 

Proof. We assume the isomorphisms from Proposition [3TT] are in place so it is just a 
question of constructing the connections. As noted above for convenience we regard 
[ as included in f) and suppress the function a. The connections and Higgs field are 
then related by the equation 

(4.5) uj" =uj^ + '^{tt*uj^) 

where we have denoted the projection 5 — J> i? by tt and have used the fact that 
$(s) : J — ?• f) for all s G S*. It is straightforward to check that 7?-invariance of 
oj^ is equivalent to — ad(/i~^)w^. Notice that this make sense because 
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aci(/i^^)([) = [ and that ii h E L this is just part of the condition satisfied by any 
connection. 

First we do the forwards direction. Assuming that oj^ and $ are given, we show 
that the one-form uj^ defined by equation (|4.5p is an if-invariant connection on 
S ~> R. Let A e I and s e S, then 

...^(.^A)) =c.^(.f'(A)) -<i>(.)«(,)(7r,(.f(A)))) 
= ^^(.fMA)))-<i>(.)(u;f(,)(0)) 
= A 

as required. Letting hCz H and ^ E T^S we have 

= ad(/.-i)..f (0- 

ad(/i-i)<i>(5)ad(/3(/i))ad(/3(M'iVf(,)(7r,(C)) 
= ad(/.-i){^f(C)-<i>(5)(7r*(^f(0))} 
= ad(/.-i)K^)(0. 

Hence = ad(ft.^^)a;^ and we conclude that oj^ is an iJ- invariant connection 

onS ^ R. 

Consider the reverse direction. We are given lu^ which is _ff-invariant and we 
wish to manufacture <E> and define u)^ using equation ()4.5p . We define $ as follows. 
Let s G S and k E i. Consider l^^^^{k) G T^(^g-^R and lift it to a horizontal vector 

at s e using w^. The projection of this vector to Af is the projection 
of '-^(^■)('«) to A/ which is zero, so it must be vertical for H. Hence we can define 
$(s): 4 -)> I) by 

.f($(.)M) = .^). 
We need to check that this is a Higgs field. First we check it splits. We have 

= ^,(.f($(.)(^))) 

= .f(,)(/3(<i>(s)(Ac))), 

where the last line follows from the fact that the _ff-action on S covers the _ff-action 
on R induced hy f3: H ^ K. Thus we have 
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as required. Next we check that it transforms correctly: 

.i(ad(/.-i)$(.)(^)) = (i?,0,(.f ($(.)(«))) 

hence 

^{sh) ^ ad(/i"i)$(s) ad(/3(/i)). 
It remains to show that uj^ defined by equation (|4.5p is a connection. First we 
show that Ld^ {l^ (rj)) = 77 for all G f). For such a we have 

for some A G L Again we suppress a: [—>(). It follows that 

and thus we have 

..f (.f (77)) = (.f (r,)) + $(.s)(c.f(,)7r,(.f (r;))) 

= (4(A)) + c.,^(.f(;;(^77))) + $(.)(a.f(,)7r,(4(A)) 

+ <i>(.)(c.f(,)^4.f(;;(^^))) 
= (.^ (A)) + + + ci>(s)(^f(,)(.f(,)(/?(r;))) 
= A + a>(s)(/3(r7)) 
= ??. 

Next we establish the right equivariance of the connection form, — ad{h~^)Lu^ . 

Let ^ TgS and write 

e = e + ^.(A) 
where ^ is horizontal for and A e l. Then 

{Rh)*{0 = {Rh)*{i) + is/.(ad(/i-i)(A)) 

and {Rfi)*{£,) is horizontal as is _ff-invariant. We have 

= c.f', ((i?,).(0) + 

= c.f,((i?,).(0) +^f).(^./.(ad(/i"i)(A))) + $(sMKs)/3(h)(^*((^/.)*(0))) 

= + ^i((i?O*is(A)))+<f>(.S;i)(^f(,)^(,,)((i?^(;,)),^,(O)) 

= ad(/i^i)^f'(A) + ad(;i-i)$(s)(ad(/3(/i))ad(/?(;i)-i)u;f(,)(7r,(0)) 
= adl/i-ijc.f'lO + ad(/i-i)<i>(s)(wf(,)(^.(0)) 
= ad(/i-i)c.f (a 
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as required. 

We leave it as an exercise for the reader to show that when we apply the bijec- 
tion twice the isomorphisms introduced in ProDOsition l3 . 1 1 preserve the connections 
defined here. □ 

For the caloron correspondence we need the following slightly more complicated 
version of Proposition 14.31 Choose an affine subspace Split(f),£)o C Split(f),t) 
which is invariant under the action of H. Using the same notation as before we say 
a connection is a Split(f), J)o-connection if the corresponding Higgs field takes 
its values in Split(t), {)o. It is then obvious that we have 

Corollary 4.4. Fix a principal K -bundle R AI with connection uj^ . We have 
a bijective correspondence between isomorphism classes of the following objects: 

(1) Principal H -bundles S — M , with S/ L — M isomorphic to R M as K- 
bundles with connection uj^ , which projects to u!^ under the isomorphism, 
and Higgs field $: S* — > Split(f), {)o; and 

(2) Principal L-bundles T ^ R luhich are H-equivariant for the H-action 
on R induced by the K-action on R using the homomorphism jS, with a 
Split((), t)o-conneciion uj^ which is H -invariant. 

4.3. The unframed caloron correspondence for fibrations with connec- 
tions and Higgs fields. Let a be a connection on F{Y) — > A/, where F{Y) is the 
principal Diff'^(X)-bundle associated to Y. This induces a connection also on Y. 
We wish to show that there is a bijection between isomorphism classes of 

• G-bundles P ^Y oi type Q ~^ X with connection A and connection a for 
F{Y) -> M and; 

• Aut((5)-bundles P — > M with Higgs field $ and connection A and isomor- 
phism of X fibrations from P XAut(Q) XtoY which sends the connection 
A to a. 

We will prove this result using the constructions from Section [3.21 and Corollary 
14.41 Recall that in that case the extension of groups is given by (|2.1|) 

1 ^ ^ ^ Aut(O) -> Diff^(X) ^ 1. 

The corresponding sequence of Lie algebras is 

(4.6) -> r(X, ad(g)) ^ T{X, TQ/G) ^ T{X, TX) ^ 0, 

which is the functor T{X, ) applied to the Atiyah sequence [2] of Q — > X given by 

(4.7) ^ ad(g) ^ Tg/G ^ ^ 0. 

Remark 4.1. We note for later use that we can identify r(A', ad(g)) = Tg{Q,q), 
the space of G-equivariant maps from Q into g and T{X, TQ/G) — Tg{Q, TQ), the 
space of G-equivariant vector fields on Q. The inclusion map of the former into the 
latter then maps a function /i: g ^ g into the vector field q i— >■ Lq{fj,{q)). 

Recall that a connection on g ^> X is a splitting of the Atiyah sequence ()4.7|) 
with a right splitting corresponding to a horizontal distribution and a left splitting 
to a connection one- form on g. A splitting of (14.71) also induces a splitting of (|4.6p . 
which in turn induces an Aut(g)-invariant connection on Aut(g) -> Diff'^(X). We 
take as Split(r(X, TQ/G),r{X, TX))o only those splittings arising in this way and 
we denote them by A. It is straightforward to check that A is an affine subspace 
invariant under Aut(g) and we are in the setting of Corollarv l4.4l Note also that in 



14 



P. HEKMATL M. K. MURRAY, AND R. F. VOZZO 



this situation a Higgs field is an Aut(Q)-equivariant map from P into splittings of 
the sequence ()4.6|) . In fact, as we shall see below the construction of the Higgs field 
from the proof of Proposition 14.31 adapted to this context naturally takes values 
in Split{T{X,TQ/G),T{X,TX))Q = A. Thus, we can view the Higgs field as an 
Aut((5)-equivariant map P ^ A, or equivalently a section of P y<Aut(Q) 

Proposition 4.5. Let f G Eq((5, P) and $ be the Higgs field as constructed in 
Proposition \4.3\ The value of ^{f) is the connection f*{A). 

Proof. We have f : Q ^ Pm covering f : X Y,n ■ Following the definition of the 
Higgs field above we take /i G T{X,TX) and choose a one-parameter family of 
diffeomorphims in Diff'^(X), xt'- X ^ X such that xo = idx and x'f(O) = /i. We 
have 

,f{r^)^t^{t^ foxt)eTf{F{Y)). 

The construction of $(/) implies that there is a one-parameter family of bundle 
automorphisms Xt - Q ^ Q such that xo = idQ, Xt covers Xt and Eq((5, o 
X()'(0)) = which is equivalent to o Xt(9))'(0)) = for ah q £ Q. The 

splitting $(/) of (|4.6p is therefore the map ^ xi{0). But because o 
Xt{q)y{0)) = for all q E Q, we see that this must be a splitting in A and one 
which is associated to the connection one- form f*{A). □ 

We also note that in this situation the equivariance condition on the Higgs field 
is particularly nice. 

Proposition 4.6. Let ^ be a Higgs field for an Ant{Q) -bundle P, viewed as a map 
P ^ A. Then the condition from Definition \4-S\ is equivalent to 

where G Aut(Q) and ^: Aut(Q) ^ Diff^(A). 

Proof. First note that if we view $ as a connection one-form for each p G P, then 
what we called the Higgs field in Definition 14.21 is really the associated splitting 
r{X,TX) T{X,TQ/G). That is, the Higgs field is the assignment of horizontal 
subspaces of TQ at each point in Q. To avoid confusion for this proof we denote 
this splitting and the connection one-form by They are related by (|4.4|) . 
Then by definition the image of is the kernel of the one- form 

We wish to show that the connection one-form corresponding to the splitting 
ad(V'~^)$'" ad(/3('i/')) is ■0*$'. It is straightforward to check that -0*$' is a connec- 
tion one-form so we just need to show that ip*<^^ annihilates ( ad('0~^)$'' ad(/3('0))) {£,) 
for ^ a vector field on X. The adjoint action of Aut((5) on an element ^ in its Lie 
algebra, Lie(Aut((5)) — T{X,TQ/G) is given by ad('0)(M)g — ip^n^-Hq). Similarly, 
if ^ G Lie(Difl['^(X)) then ad{(3{ip)){^)x = I3iip)*^i3{^)-i(^x)- Notice that this implies 
that if w is a one-form on Q and C is a vector field on Q then (■0*w)g(ad(V'~^)Cg) = 
wv.(g)(V'*(V'~iC)»/>(</)) = w^(?)(Cv(9))- Letting ( = $^ ad(/3(-0))(^) we note that 
^(C) =0 and then we have 

(0*$')( ad(V~')<i>'^ ad(/3(V))) (0 - $'(0 - 



as required. 



□ 
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We note that from now on the default choice for the value of a Higgs field $ will 
be that it is a connection one-form, that is a left-splitting. When this is not the 
case we will write 

Now we are in a position to extend the caloron correspondence to include con- 
nections and Higgs fields. We start with a G-bundle P — > y of type Q ^ X. We 
have seen above that Eq((5,P) — Map'^(X, y) is a 5-bundle. We can apply the 
functor Eq(Q, ) to the connection A to obtain a connection Eq((5,A). Indeed if 
p € T/(Eq(Q, P)) then p € Tg{Q, f*{TP)), so for any g e Q we have pq G T/(,)P 
and we define 

Eq(Q,I)/(p) = (g ^ Af(^){p^)) G r(X,ad(Q)). 

Proposition 4.7. In the situation just described Eq((5, A) is an A-connection 
which is AvLt{Q) -invariant on the Q-hundle Eq((5,P) — > Map'^(X, y). 

Proof. Consider first what happens when we apply Eq((5, A) to a vertical vector in 
the tangent space to Eq((5, P) at /. The tangent space to / is Tg{Qj f*{TQ)) and 
a vertical vector is generated by an element of the Lie algebra of G which is given 
by an equivariant map /x: Q — ^ g. It is a straightforward exercise to check that 

and then 

Eq(Q,I)/(t/(^)) =q^ = p{q) 

OTEq{Q,A)f{if{fi)) = p. 

To check invariance under Aut(Q) we first need to understand the adjoint action 
of Aut(Q) on Q and its Lie algebra. U g € G then g: Q G and it acts on 
Q hy q qg{q)- If ip E Aut{Q) then ^p~^gip acts on Q by sending q E Q to 
= qg{ip{q)) or a.d{ip^^){g) = goi(j. Hence if_^: Q ^ g is in the 
Lie algebra of G we have ad(V'~^)(/i) = o -0. Let ft G Eq(Q, P) with fo = f and 
p = toit ^ ft) G T/(Eq(g, P)). We have 

P;(Eq(g, A))f{p){q) = Eq(g, l)/ov,(io(i ^ /t ° 

= Eq{Q,A)f{pmq)) 

= ad(V'-i(<z))Eq(Q,I)/(p) 

as required. Proposition 14.51 implies that the associated Higgs field is valued in A 
and so this is an ^-connection. □ 

The pullback of the connection F,q{Q, A) using 77: F{Y) — > Map(X, Y) is there- 
fore an Aut(Q)-invariant connection on the ^/-bundle ry*(Eq(Q,P)) — > F{Y). 

It follows from CoroUarv 14.41 that we have a connection A on P ^ M defined by 

(4.8) A = 77*(Eq(g,I)) + $'-(7r*a) 

where tt: P — F(Y). 

Putting this all together with the results from Section l44l we have the following 
Proposition. 
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Theorem 4.8. Let P ^ Y be a G-bundle of type Q ^ X with connection A and 
let a be a connection for Y — >• M. Then the Aut{Q)-bundle P ^ M has connection 
A and Higgs field $ defined as follows. 

• Let f e P so that f : Q ^ -P„, for som,e m € M, then $(/) = f*{A); 

• Ifpe T{Q,f*{TP)), let f:X^Ym and p G r{Xj*{TY)) be the projec- 
tions of f and p respectively. Then Af{p) e Tg{Q,TQ) is given by 

As{p){q) = + ^ {f-'Uva{-p{x)))){q) 

where, as before, $''(/): r(X, TX) — >■ Tg{Q,TQ) is the right splitting in- 
duced by the connection $(/) = f*{A). 

Consider the caloron transform in the other direction. Given an Aut((5)-bundle 

P ^ M wc define Y = P 'Xaui(q) ^ and a G-bundle P ^ Y hy P = P 'XAut(Q) Q- 
Recall that the Lie algebra of Aut((5) is Tg{Q, TQ), the Lie algebra of G-equivariant 
vector fields on Q. The tangent space at {p,q) G P x Q is 

Tip,g){PxQ) = TpPxTgQ 

and the vertical vector induced by G Lie(Aut((5)) is given by {tp{iJ,), — 

Let A be a connection one-form on P. That is, A is an Lie(Aut((5))-valued 
one-form on P so that if C G TpP then Ap{^) G Lie(Aut(Q)) = Tg{Q,TQ) and 
thus Ap{£){q) G TqQ. As above a Higgs field for P — >■ M is an equivariant map 
$ : P — >■ ^, so we have 

We define 

(4-9) S(^,,)($,C) = $b),(Ap(0(9)+C) 

on the product P xQ and we have the following Theorem. 
Theorem 4.9. The one-form 

S(P,,)(C,C) = ^(P), {Ap{£,){q) + Q 

descends to a connection one-form A on the G-bundle P ^Y . 

Proof. First we show that w annihilates vectors generated by the action of Aui[Q) 
on P X Q. In the tangent space at {p, q) such vectors have the form {ip{p), —p,{q)) 
for some G Tg{Q,TQ) and we have 

'^(p,<z)(''p(m),-M9)) = *(p)g(^p(^p(M))(9) -/^(g)) 
= *(p)g(M(5)-M(9)) 
= 0. 
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Next we show that lo is invariant under the Aut((5)-action. Let tp e Aut((3) then 

(i?;w)(p,,)(C, = (V'"i)g(C)) 

= $(pV)^-.(,)(ad(^-i)(Ap(e))(^-i(q)) + (^-:),(C)) 
= (V'*1>(p))^-M,)((V'"*),(^p(0(9) +0) 

= $(p),(Ap(0(g) + C) 

as required. 

It follows that uj descends to a g-valued one-form on P which we denote by A. 
We need to check that this is a connection one-form. Notice that G acts on P x Q by 
acting on Q and that this commutes with the action of Aut((5) covering the action 
on P. If i\p.q\{x) is a vertical vector in P it lifts to (0, tq(x)) at {p,q)- Applying 
ui{p,q) we have 

'^(p,g)(0,tg(x)) =$(p)9(0 + iq(x)) =X- 

Hence A{t{x)) = X- Let g G G, then we have 

(i?;<i)(p,g)(^,C)=23fe,3)(^,(i?g)*(C)) 

= <i>(p),3(Ap(e)(9.9) + (i?,),(C)) 
= a>(p),3((i?g),(Ap(0(9)+C)) 
= ad(.9-i)ci>(p),(^p(e)(g)-l-C) 
= ad(5r"i)w(p^,)(^,C) 

so that = ad(g~i)X Here we use the fact that G TciQ^TQ), so it 

satisfies ^p(0('?5) = (^s)*(^p(0('?))- □ 

The final thing we need to do is to show that when we apply the caloron transform 
twice in either direction the connections map to each other under the isomorphisms 
introduced in Section 13.21 ^ 

Consider first the case that we start with a G-bundle P — > F with a connection 
A. The isomorphism in question goes from 77* (Eq((5, P)) XAut(Q) Q to P and is 
given by (/,<?) H- f{q). Under this isomorphism A pulls back to a connection on 
77*(Eq(Q, P)) XAut(Q) Q which we further puUback to 7/*(Eq((3, P)) x Q. We note 
that 

%,)r?*(Eq(Q,P)) xQ = rG(Q,r(P)) xT,Q 
and the puUback of A applied to a pair (p, () is 

Afi.Mq) + MO) = A^mipii)) + HfUO- 

Consider now the connection constructed on 77*(Eq((5, P)) x Q by applying the 
constructions above twice. First the connection A gives rise to a connection 

A = r]*Eq(Q,I) + $'^(^*a) 

and the Higgs field identified in Proposition |4?5l 
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The pair {A, $) gives rise to a g- valued one-form on ri*(Eq{Q, P)) x Q given by 

%g)(P,C)-<I'(/),(^/(p)(9) + C) 

= Hf),{v* Eq(Q, A)f{p)iq) + ^ain^p))) + C) 

= (Kg))) + ci>(/),($(a(7r.(p)))) + <i>(/),(C). 

Notice that under the identifications we are using (see Remark l4.f p yl^(^)(^(g)) is 
a vertical vector in Q and already identified with a vector in g, so there is no need 
to apply ^{f)q. Further the vector $(a(7r* (/?))) is horizontal for A, so applying 
$(/) = f*{A) gives zero. Hence we have 

%,,)(p,C) (Kg)) + <i>(/),(C) 

as required. 

Consider the second case where we start with an Aut(Q)-bundle P ^ AI with 
connection A and Higgs field $. From these we construct a G-bundle 

P XAut(Q) Q ^ P XAut(Q) X 

with connection A whose puUback to P x Q we have called u) defined by (I4.9p : 

23(p,,)(e,C) = $(p),(^p(e)(9) + C). 

From this we construct the Aut((5)-bundle ?7*(Eq(Q,F XAut(Q) Q)) -> ^ with 
connection A' and Higgs field {^'Y where 

A' = 77*(Eq(g,I)) + (<i>')K'r*a). 

Each p ^ P defines a natural map fp'. Q P XAut(Q) Q by fp{q) — [p,q] and 
= fp is the isomorphism of Aut((3)-bundles defined in Section [3.21 

X: P-^?7*(Eq(Q,PxAut(Q) Q))- 

We want to show that under this isomorphism A' and $' puUback to A and $. 

First we consider From Proposition 14.51 we have that at p the puUback of $' 
is fp{A). The frame fp'. Q P XAut(Q) Q lifts to Q — > F x Q sending q i-> (p, q) 
and the tangent to this is C H> (0, C,). Applying u) gives <i>(p)g(C) as required. 

To calculate the pullback of A' by x we need to consider the tangent map to x 
applied to ^ G TpP. The result is a section in Tg{Q, fp{P XAut(Q) Q)) which we 
can lift to P X Q and realise as q n> 0) £ TpP x TgQ. Considering the first term 
in A' we have 

r7*(Eq(g, !))(,,,) (e,0) - $(p),(Ap(0(9) + 0) 

so that 

A;(0 = <i>(p)(A,(0) + $'-(p)(a(^.(e, 0))). 
But the connection a is the projection of the connection A so we must have 

A'^{O^Hp){Ap{0) + <i>''{pmAp{0). 
The relation in equation (|4.4p then tells us that 

A'^iO^ApiO 

as required. 
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4.4. The unframed caloron correspondence for products with connections 
and Higgs fields. We consider Theorem 14.81 and show how to reduce it in this 
case. Let P — > M x X be a G-bundle of type Q ^ X witli connection A. Take as 
a, the flat connection on X x M — > M . We have seen that the Aut((5)-bundle can 
be reduced to a ty-bundlc P — ^ Af , whose fibre dX m € M is all diffeomorphisms 
f : Q Pm covering X ^ X x M given by a; M- {x,m). Therefore, in the notation 
of Theorem 14.81 f{x) — {x,m). Let p be a tangent vector at /. Then p{x) = 
(0,z/) S TxX X TmM for some constant vector v € T^M and thus Va{p{x)) = 
and we have the following reduction of Theorem 14.81 

Theorem 4.10. Let P ^ X x M be a G-bundle of type Q ^ X with connection A. 
Then the Q -bundle P ^ M has connection A and Higgs field $ defined as follows. 

• Let f ^ P so that f '■ Q Pm for some m ^ M covering x M- (x, m), then 

$(/) = 

• Lf peT{QJ*{TP)), thenAfip) erG{Q,TQ) is given by 

Going in the other direction we have a ^/-bundle P M with connection A and 
Higgs field $ and define P = PxgQ^MxX. In this case A is a Lie(^/)-valued 
one-form on P so that if $ G TpP, then Ap{£_) G Tq{Q,q) and applying the Higgs 
field has no effect. The formula in the fibration case therefore reduces to 

^(p,,)(e,C) = ^p(0(9) + *b)9(C) 

and we have the following Theorem. 
Theorem 4.11. The one-form 

descends to a connection one- form A on the G-bundle P ^ X x M . 

4.5. The framed caloron correspondences with connections and Higgs 
fields. We leave it to the interested reader to show that in the case of framings the 
connections we have defined already respect the framings and the Higgs fields take 
values in the appropriate space of framed connections. 

5. Characteristic classes for gauge group bundles 

In this section we shall use the caloron correspondence to calculate characteristic 
classes for t/-bundles, following a similar approach as in [13]. We begin with a 
brief review of characteristic classes and Chern-Weil theory for G-bundles for the 
convenience of the reader. 

5.1. Review of Chern— Weil theory. Let EG — !> BG denote the universal bun- 
dle, with the property that any principal G-bundle over M is isomorphic to the 
puUback of EG BG by a classifying map f : M ^ BG. Up to homotopy equiv- 
alence, the universal bundle is fully characterised by the fact that it is a principal 
G-bundle and EG is a contractible space. A characteristic class for a G-bundle over 
M is a class in H*{M) obtained by pulling back elements in the cohomology group 
H*{BG). Chern-Weil theory provides a mechanism for producing characteristic 
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classes in de Rham cohomology. Let l''{g) denote the algebra of multilinear, sym- 
metric, ad- invariant functions on k copies of the Lie algebra g. Elements of l''{g) 
are called invariant polynomials. The Chern-Weil homomorphism is a map 

cw: /'^(g) ^ H^^{M) 

defined by / H> cwf{A) — f{F, . . . ,F), ior A a connection on the G-bundle with 
curvature F. The class cw / {A) G -ff ^'^ (M) is independent of the choice of connection 
and represents a characteristic class of the bundle. For compact Lie groups G, the 
Chern-Weil homomorphism applied to the universal bundle is an isomorphism, 
which extends to an algebra isomorphism cw: I*{q) — > H*{BG). The proof of 
these results can be found in many standard references such as |8]. 

Since / is multilinear and symmetric, we will adopt the convention that whenever 
/ has repeated entries they will be collected into one slot and written as a power, 
for instance /(A, . . . , A, B, . . . , B) = f{A'^B^). 

k I 

5.2. The curvature of the caloron connection. The first step towards calcu- 
lating characteristic classes is to determine the curvature of the caloron connection 
given in Theorem 14.111 Recall that A is expressed in terms of a connection A and 
Higgs field $ as follows. For a tangent vector (^, C) G T[p q]P we have 

Ap,,)(^,C)=^p(0('?) + *(p),(C)- 
The curvature of w is given by the formula 

F ^ dA + ^[A,A]. 

For a pair of tangent vectors Vi = (Ci; Ci)i ^2 = (^2,(2) G T^p ^^P, the commutator 
term is given by 

i[i(p,,)(Fi),i(p,,)(l/2)] = ^,[Api^i),Ap{^^)]{q) + 

+ i[$(p),(Ci), Ap(C2)(g)] + i[<i>(p),(Ci),<i>(p),(C2)] 

while the differential 

dA{VuV2) = ^{ViiA{V2)) -V2iA{Vi)) ^ Ai[Vi,V2])) 
can be expressed as a sum of four terms, 

dA = dp A + dq^ + dp^ + dqA. 

Here we are considering A and $ variously as forms on P and Q and as maps from 
these spaces. More specifically, we have 

• dpA is the derivative of A considered as a 1-form on P: 

dpA^p^^){VuV2) = - -^p(Ki,6]))(9) 

• dg^ is the derivative of the Higgs field considered as a 1-form on Q, i.e. an 
element of A: 



(p.,)m,V^2) = i(Ci(<i'(p)),(C2)-C2(i>(p)),(Ci)-<i>(p),([Ci,C2])^ 
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• fip$ is the derivative of the Higgs field considered as a map P ^ A: 

dp<i>(p,,)(^i,F2) = i((a<i>)(p),(C2) - (6'i>)(p)(Ci)) 

• is the derivative of A considered as an element of Lie{G), i-e. a G- 
equi variant map Q — 5- g: 

dQ^(p,,)(Vi,y2) = ^(Ci(^p(6)) -C2(Ap(a)) -^p([6,6]))(g) 

Putting this all together, we have 

F^Fa + F^ + V$, 

where Fa is the curvature of A, _Flj> is the curvature of $ considered as a connection 
on Q and V$ = (ip$ + [A, $] + rfgA. 

Remark 5.1. Comparing this with the caloron correspondence for loop groups |13) . 
the Higgs field there is a flat connection on the trivial bundle over the circle and 
hence F,j> — 0. 

5.3. Caloron classes. We can now proceed to define characteristic classes for 
the ^-bundle P ^ M using the caloron correspondence. Let / be an invariant 
polynomial in The Chern-Weil homomorphism for the caloron transform 

P ^ M X X determines a 2A;-form representing a class cwf{A) £ H^^{M x X). 
Integrating this form over the d-dimensional manifold X yields a closed {2k — d)- 
form on M, which we call the caloron class of P. In short, we have 

and we denote by <,2k-d{P) the resulting caloron class in H^^~'^{M). 

Note that in order to define a degree r characteristic class for P, we must pick 
k = (d + T')/2, which in particular requires r and d to have the same paritjQ. An 
explicit formula for the caloron classes of P is obtained by calculating j-^cwlA). 
Given a connection A and Higgs field $ for P, we know from Section [5T2] that the 
curvature F of the caloron connection A on P splits into a sum of three terms, 

P = Pa + P* + V$. 

Inserted as arguments into an invariant polynomial / G we have 

cwf{A) = /(P'^) = / ((Pa + P$ + V<i>)'=). 

Note that the base is a product and the forms Pa,P$ and V are of type 
(2,0), (0,2) and (1,1) respectively. Integrating over X picks out only the terms 
of the type {2k — d,d). Hence, we have 

C2.-.(P) = /{{Fa + P* + V$)'=) 

which for the lowest values of the pair (d, k) yields the following table: 



In the loop group case X was the circle, so dim(X) = 1. Hence the string classes are all of 
odd degree. 
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a \ 


1 


2 


3 


1 




/_^/r2F^VcI>) 




2 




/x/fv4'2 + 2FAi^$) 




3 




/^/f2V$i^$) 


/x /(^*^ + 3FaV$F<i. + 3FaF$V$) 


4 






X^/f3V$2i;^$ + 3i^Ai^|) 


5 






/^/(3V$F|) 


6 









Table 1. 



In particular, for X ~ , we recover the string classes introduced in \12 \ 113 ) . 

More generally for a manifold X of dimension d, the lowest degree caloron classes 
are given by 



( d-1 d-3 
i=0 j=0 /=0 ' 

(d d-2 
J=0 ]=0 1=0 

d-i . 

l~ 1 ' d-i_ . 
+ 1 E E E ' ^ v$f|~'v$f4-"'v$f^ 



d-2 



j=0 i=0 m=0 



The formulas get increasingly more complicated, involving more nested sums, as 
one goes to higher degrees in cohomology. However, in the special case when G is 
abelian a straightforward calculation leads to the following general formula: 

min{d,fe} / ■ \ r 

2 
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6. Universal caloron classes 

In this final section we restrict our attention to the framed and product case of 
the constructions in Section [51 There is a natural model for the universal tJo-bundle 
which allows for explicit expressions for the caloron classes. 

The group of based gauge transformations Qq acts freely on the space of con- 
nections A and the quotient is a smooth tame Frechet manifold [1], which can be 
identified with the classifying space BQq. We want to calculate the caloron classes 
explicitly for the universal bundle A — ^ A/Qq. We do this by choosing a connection 
and Higgs field; the connection is the one described in [3] whose horizontal sub- 
spaces are given by ker d* and the Higgs field is simply $ : A A. The operator 
d* is the adjoint of the covariant exterior differential di^ with respect to the inner 
product 

{a,f3) ^ / a A *I3 
Jx 

for a,/3 £ ilP{X,a.dQ). Because A is an affine space, the tangent space to ^ at a; 
is ^^{X, a.dQ). The map into the vertical tangent space is 

d^: ro{X,adQ) ^T^A^n\X,iidQ) 

and we have a splitting = im © ker d* into orthogonal subspaces. Since the 
gauge transformations are based, the Laplacian 

d^d^ : ToiX, ad Q) -> ToiX, ad Q) 

is invertible and we denote by G^j = {dljdi^)~^ the corresponding Green's operator. 
The connection form can now be expressed as Gtjd* and by Theorem 14.111 the 
caloron connection on ^ = x Q)/Qo over A/Qo x X is given by 

for a tangent vector (^, C) G T[ui^q]A, where G^jd* (^) is interpreted as a G-equivariant 
map Q — J> 0. Note that this caloron connection is framed. Recall that the curvature 
of A consists of three terms, 

F = FA + Fq>+ V$. 

Since the Higgs field maps a connection lu <E A onto itself, clearly evaluated on 
a pair of tangent vectors Vi = (fi,Ci) and V2 — {£.2X2) at {uj,q) € A is given by 
the curvature ^1j(<z)(Ci: C2) of cj. 

Next let us consider the term V$. Recall that as with any curvature we only 
need to evaluate it on horizontal vectors. Indeed if Vi and V2 are horizontal, 
then F{Vi,V2) — dA{Vi,V2) so the commutator term does not contribute. Let 
therefore C11C2 G T^Q be horizontal for lu and Cii^2 G ft^{X,a.dQ) be horizontal 
(i.e. d* ^ = 0). As ^ is an affine space we can extend ^1 and ^2 to constant vector 
fields whose Lie bracket must vanish. We also extend Ci and (2 to vector fields. 
From Section we have 

V$(^,,)(Fi, Fa) = dp$(c.,9)(V^i, ^2) + dQ(G^rf:)(g)(Vi, T/2), 

where 

dp<i>(..,)W,F2)--i^,([Ci,C2]) 
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since $ is the identity map, and 
dQ{G^d*^){q){Vi,V2) 

= I (^to (t ^ Lo, (6 ) + (C2 )(?))- to [t ^ ujq [ii )+tUC,i) (q)) 

= ^(a(C2)(9)-6(Ci)('?)), 



where we have abused the notation here by treating uj both as a constant and a 
variable. Hence the (1, 1) component of the curvature apphed to horizontal vector 
fields Vi and V2 is 

v$(.,,)(Fi,T/2) = ^(ei(C2)(g)-6(Ci)(9))-c^,([Ci,C2])). 

Finally we calculate 

Consider the first term which is 

= to(t^ G^+t^, ) + G^io [t ^dl{i2) + t ad^^ (6)) 
= G^ad*^(6). 

Taking the adjoint is linear and therefore commutes with differentiation. Finally 
we note that ad^^(a) = — ad^2(Ci) because 

/ (ad^,(6),C3)volA-= / (6,adc,(e3))volx = - / (ad^., (6), 6) volx 
Jx JX JX 

and the inner product on q is invariant. Hence we conclude that the curvature Fa 

applied to Vi and V2 is G^ ad^^(a). Putting this all together we have 

G.ad|^(6) + ^^c.(<z)(Ci,C2) + ^(ei(C2)(9) -e2(Ci)(g) -^,([Ci,C2])). 

Using this F in the formulas in Table [1] for d = 4 and fc = 3 we reproduce the 
results of [3] and for d = = 3 the results of [B]. 
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